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Abstract
Relying on a mathematical analogy of the pure states of the two-qubit
system of quantum information theory with four-component spinors we in-
troduce the concept of the intrinsic entanglement of spinors. To explore its
physical sense we study the entanglement capabilities of the spin representa-
tion of (pseudo-) conformal transformations in (3+1)-dimensional Minkowski
space-time. We find that only those tensor product structures can sensibly be
introduced in spinor space for which a given spinor is not entangled.
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1 Introduction
Fermions are an essential part of physical reality. In the realm of relativistic quantum
mechanics and quantum field theory in 3+1-dimensional Minkowski space-time they
are mainly described by means of Dirac spinors – elements of a four-component
complex vector space which are transforming under the spin representation of the
Poincare´ group (inhomogeneous Lorentz group) of space-time. The Dirac equation
(i/∂ −m)Ψ(x) = (iγµ∂µ −m)Ψ(x) = 0 (1)
is form-invariant under the Poincare´ group [Here, γµ denote the standard 4 × 4
gamma matrices, γµ∂
µ = gµνγµ∂ν , µ, ν = 1 . . . 4, with g = diag(−1,−1,−1, 1).].
For massless fermions (m = 0), the Dirac equation is even form-invariant under
the larger (15-dimensional) conformal group which is obtained by extending the
10-dimensional Poincare´ group by special (pseudo-) conformal transformations and
dilatations. For massless fermions, the Dirac equation separates into two equations
for spinors
ΨL =
1
2
(1 − iγ5)Ψ, (2)
ΨR =
1
2
(1 + iγ5)Ψ, (3)
Ψ = ΨL ⊕ ΨR, of different chirality (γ5 = γ1γ2γ3γ4). If γ5 is chosen to be diagonal
ΨL and ΨR are two-component objects (Weyl spinors). However, also in the massive
case (m 6= 0) the analysis of Ψ is often pursued by representing it as the direct sum
of 2 two-component objects, e.g., the small and large components of the Dirac spinor
Ψ (see, e.g., [1], Chap. 9). The mathematically possible representation of a Dirac
spinor in terms of direct (tensor) products [2] of 2 two-component objects has been
studied so far by Tokuoka ([4], Part II, p. 161) in connection with the wave matrix
formalism of Gu¨rsey ([5], [6], Sec. 3, p. 997), and by Uschersohn [7] (see pp. 25-31)
only.
The theory of quantum information and computation has received considerable
attention in recent years. Due to the fundamental significance of quantum informa-
tion theory, in the past decade the application of its principles and viewpoints within
relativistic quantum mechanics and quantum field theory has begun to be explored
[8]. One of the most fundamental and most studied models of quantum information
theory is the two-qubit (two-spin-1
2
) system (see, e.g., [9]). The pure states of the
two-qubit system are described in terms of vectors of a four-dimensional Hermitian
(complex) vector space C4 and quantum operations in it correspond to elements of
the group SU(4). Due to the mathematical similarities it is now tempting to explore
the connection between one of the most fundamental models of relativistic quan-
tum mechanics – four-component Dirac spinors – and one of the most fundamental
models of quantum information theory – the two-qubit system. The present article
is devoted to certain aspects of this problem. The main result of our analysis will
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be that only those tensor product structures can sensibly be introduced in spinor
space for which a given spinor is not entangled.
The transition from the pure states of a two-qubit system to four-component
Dirac spinors we are studying can most easily be understood as a two step process
proceeding over the intermediate stage of Euclidean spinors. The first step from
the two-qubit system to four-component Euclidean spinors (spinors of R6) consists
in a re-interpretation of the mathematical elements used to describe the two-qubit
system. Unitary SU(4) transformations arising in two-qubit systems from the (uni-
tary) action of a Hamiltonian onto the two SU(2) spins can be re-interpreted as
the (unitary) spinor representation of special orthogonal transformations SO(6;R)
in some Euclidean vector space R6 which we will denote by the term ‘base space’.
Consequently, in this re-interpretation each action of a two-spin-1
2
Hamiltonian gen-
erating a SU(4) = Spin(6) transformation stands in correspondence to a spatial
transformation in some base space R6. This simply amounts to a geometrical (spa-
tial) re-interpretation of the unitary transformations occurring in any two-qubit
system. The second step, from Euclidean spinors to Minkowski space spinors, re-
lies on the isomorphism SL(4;C)/Z2 ≃ SO(6;C) [10]. The transition from Eu-
clidean to Minkowski space is a standard procedure, e.g. in quantum field theory,
by re-interpreting one spatial coordinate of the Euclidean base space R6 as time
coordinate x6 and to go over to the time coordinate t of Minkowski space R5,1 by
means of a Wick rotation x6 = it (The real-world four-dimensional Minkowski space
R3,1 can of course be thought of to be embedded in R5,1.). The latter transition
can be understood as an analytic continuation from R6 to R5,1, both spaces being
embedded in some six-dimensional complex vector space VC. The Minkowski space
analogues of special orthogonal transformations SO(6;R) in the base space R6 are
then Lorentz transformations in R5,1, and the transition between the corresponding
spinor representations, from Spin(6) = SU(4) to Spin(5, 1) = SU∗(4) = SL(2,H)
[16], can also be understood as an analytic continuation in the framework of the
SL(4;C)/Z2 ≃ SO(6;C) isomorphism whereby both spinor groups can be thought
of to be embedded in the group SL(4,C) as subgroups. Applying the method of ana-
lytic continuation to some further VC space coordinate brings us to the consideration
of the group of pseudo-orthogonal transformations SO(4, 2;R) in some base space
R4,2 ⊂ VC with its associated spin group Spin(4, 2) = SU(2, 2) (again, as subgroups
in the framework of the SL(4;C)/Z2 ≃ SO(6;C) isomorphism). In R4,2, (pseudo-)
conformal transformations of Minkowski space R3,1 (embedded in R4,2) can linearly
be represented by means of pseudo-orthogonal transformations SO(4, 2;R) and the
group of SU(2, 2) transformations is the related spin representation (cf., e.g., [18]).
Formally, SU(2, 2) transformations can be considered as being generated by the ac-
tion of Hamiltonians of two SU(1, 1) (quasi-) spins. Qualitatively, the differences
between the pure states of two-qubit systems and Dirac spinors can be summarized
as follows (Here, the 4× 4 matrix η defines the quadratic form in C2,2.):
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two-qubit system Dirac spinors
base space R6 R4,2
(R3,1 embedded)
spin(or) space C4 C2,2
spin group SU(4) = Spin(6) SU(2, 2) = Spin(4, 2)
generators Hermitian: pseudo-Hermitian:
(“spin Hamiltonians”) H = H† ηHη−1 = H†
of the spin group
There is no significant conceptual difference concerning the introduction of tensor
product structures in the respective spin spaces C4 and C2,2. However, as we will see
in sec. 3 the extension of the Schmidt decomposition from tensor product structures
in C4 to C2,2 meets certain difficulties.
2 Spinor space
In difference to pure states of the two-qubit system, Dirac spinors in (3+1)-dimen-
sional Minkowski space live in an indefinite complex vector space C2,2 and the spin
representation of the (pseudo-) conformal group of Minkowski space corresponds to
the group SU(2, 2). This difference needs to be taken care of. To prepare ourselves
for this task we shortly recall here the definition of the (indefinite) scalar product
for Dirac spinors. The adjoint spinor Ψ¯ to Ψ is defined as usual by means of the
relation
Ψ¯ = Ψ†γ4 (4)
and the [Lorentz/Poincare´/(pseudo-) conformally invariant] scalar product of two
spinors Ψ and Φ is given by
〈Ψ,Φ〉 = Ψ¯Φ = Ψ†γ4Φ . (5)
The concrete shape of the scalar product depends on the choice of the gamma
matrix γ4 (= η). We will choose γ4 as non-entangled (for the concept of operator
entanglement see [19]), i.e., as the tensor product of two 2× 2-matrices κA, κB:
γ4 = κA ⊗ κB = η . (6)
For most of the discussion, we will not need to refer to any specific choice of κA, κB,
however, for any explicit calculation we will rely on
κA = κB = σ3 (7)
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where σ3 = diag(1,−1) is the standard third Pauli matrix. For an entangled repre-
sentation of the gamma matrices see, e.g., [20], p. 2872, eqs. (24)-(27).
The concept of entanglement assumes a central role in quantum information
and computation theory [21]. It is well known that entanglement (characterized
by means of some entanglement measure, see, e.g., [22]) is not an absolute char-
acteristics of a quantum state but depends on the tensor product structure (TPS)
chosen in the quantum state space [23–27]. Therefore, in recent years attention has
been given to the quantification of the changes in entanglement brought about by
quantum operations (initially this has been discussed in [28, 29]). In the present
article, we will be interested in the concept of the entanglement capability of a single
(quantum) operation [29], not in the statistical concept of the entangling power [28]
of (quantum) operations. As the physical significance of a tensor product structure
for Dirac spinors is unknown so far, it seems to be a sensible choice to concentrate
in a first analysis on possible changes in the entanglement – the entanglement capa-
bility of spin transformations. In view of the mathematical similarity between Dirac
spinors and the space of pure states of the two-qubit system, in the following we will
rely on the formalism developed in [29] and study the entanglement capabilities of
infinitesimal (pseudo-) conformal transformations in (3+1)-dimensional Minkowski
space-time.
3 The generalized Schmidt decomposition
We start the discussion by displaying the (generalized) Schmidt decomposition (cf.
eq. (2) in [29]) of an arbitrary spinor Ψ. At this stage, Ψ is to us simply an ele-
ment of the indefinite complex vector space C2,2, and not necessarily depending on
Minkowski space-time coordinates or in any way related to the Dirac equation. The
(generalized) Schmidt decomposition of a given spinor Ψ reads (P ∈ R, 1
2
≤ P ≤ 1)
Ψ =
√
P ψA ⊗ ψB +
√
1− P ψ⊥A ⊗ ψ⊥B . (8)
Here, we disregard null-spinors by setting |〈Ψ,Ψ〉| = 1. Furthermore, we set
|〈ψL, ψL〉| = |〈ψ⊥L , ψ⊥L 〉| = 1, (L = A,B) where ψL, ψ⊥L span the two-dimensional
space KL the matrix κL operates in (For solutions Ψ of the Dirac equation, the
Schmidt coefficient P may depend on space-time coordinates or four-momenta in
general.). In view of eq. (6), the scalar product of two non-entangled (P = 1)
spinors Ψ = ψA ⊗ ψB, Φ = φA ⊗ φB, factorizes into the scalar products of the 2
two-component spaces KL:
〈Ψ,Φ〉 = 〈ψA, φA〉κA〈ψB, φB〉κB , (9)
〈ψL, φL〉κL = ψ†LκLφL . (10)
The notation ψ⊥L denotes vectors with 〈ψL, ψ⊥L 〉κL = 0.
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The generalized Schmidt decomposition (8) requires some comment. Depending
on the chosen TPS, not for every spinor Ψ such a generalized Schmidt decomposition
may exist and in this article we will consider only those spinors Ψ for which (for a
given TPS) an equation of the type (8) can be found. The reason for this situation
can be recognized from the tensor product representation of γ4 [eq. (6)] which entails
that at least one of the two-component spaces KL, L = A,B, must be equipped with
an indefinite scalar product. For our choice, eq. (7), we can resort to the hyperbolic
singular value decomposition (SVD) [30] (Theorem 3.4, p. 1268) which under fairly
general conditions grants us the existence of a generalized Schmidt decomposition
(by virtue of the close connection between the Schmidt decomposition and the SVD,
see, e.g., [31], Sec. 2.5, p. 109). It should be mentioned here that theorem 3.4 in [30]
provides us only with real coefficients in the (generalized) Schmidt decomposition.
But taking into account the fact that in our consideration the spaces KA, KB are
independent of each other we can always choose the coefficients to be non-negative
(by means of a reflection). This is in agreement with insight coming from the gen-
eralized (left) polar decomposition [32] (Theorem 3.9, p. 2173; for the relation of
the SVD to the polar decomposition see, e.g., [31], Sec. 2.1.10, p. 78). Finally, we
would like to comment on making a different choice than eq. (7). For illustration,
let us choose the example κA = σ3, κB = 1 2 (1 2 is the 2 × 2-unit matrix.). Then,
we would have to resort to the generalized (left) polar decomposition [32] to derive
a generalized Schmidt decomposition (In our example the spaces KA and KB are no
longer isomorphic because the scalar products related to them differ qualitatively.).
We find that for our example the conditions of the theorem 3.9 in [32], p. 2173, are
not fulfilled and a generalized Schmidt decomposition is not at hand. Therefore, we
will not further consider the last example.
4 Spin representation of conformal transforma-
tions
The application of the principles and viewpoints of quantum information theory to
the domain of relativistic quantum physics has a fairly recent history only (see [8]).
Most studies have been based on an unitary, infinite-dimensional representation of
the Poincare´ group to investigate relativistic aspects of the entanglement of two
spins ([34] and follow-up articles citing it, [8], Sec. IV, p. 105. N.B.: There are no
finite-dimensional unitary representations of the Poincare´ group because it is a non-
compact group.). In contrast, we will study here a non-unitary, finite-dimensional
(spin) representation of the Poincare´ group [18, 33] which can be extended to a
representation of the (pseudo-) conformal group of (3+1)-dimensional Minkowski
space. The generators of this representation read ([18], p. 411, eqs. (19a), (19b); the
two possible signs refer to two inequivalent representations; k, l = 1, 2, 3):
Mµν = − Mνµ = i
4
(γµγν − γνγµ) , (11)
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M †k4 = −Mk4, M †kl = Mkl,
D = ∓1
2
γ5 = −D† , (12)
Pµ = ±1
2
γµ (1 ∓ iγ5) , P †4 = K4, P †k = −Kk, (13)
Kµ = ±1
2
γµ (1 ± iγ5) , K†4 = P4, K†k = −Pk. (14)
Here, Mµν denote the generators of Lorentz transformations, D the generator of
dilatations, Pµ the generators of space-time translations, and Kµ the generators of
special (pseudo-) conformal transformations. For the calculation of the Hermitian
conjugates we have used the relations [cf. our choice (7)]: γ4 = γ
†
4, γk = −γ†k.
5 Entanglement changes
We will be interested in the question how the space-time symmetries of a (mass-
less) fermion influence the entanglement characteristics of a spinor describing it. Of
course, the understanding of the concept of entanglement applied here is in vari-
ous respect a generalized one and differs from the one conventionally applied in the
analysis of two spatially separated spins. We will denote the type of entanglement
we have in mind by the term intrinsic entanglement. Primarily, we will be inter-
ested in the question if a (pseudo-) conformal transformation leads to any change
in the intrinsic entanglement of a spinor, consequently an infinitesimal approach
is appropriate. We will proceed as the authors of ref. [29]. Suppose we have got
an (generalized) entanglement measure E (e.g., the entropy of entanglement) which
only depends on the Schmidt coefficient P . The rate of the change of the entangle-
ment E under a (space-time) transformation parameterized by some infinitesimal
parameter τ ∈ R then reads
Γ(τ) =
dE
dτ
=
dE
dP
dP
dτ
. (15)
We will exclusively be interested in the question if the quantity P˙ = dP
dτ
vanishes
or not [If so, the intrinsic entanglement (measure) E remains constant.]. To obtain
an explicit expression for P˙ for the spin representation of an infinitesimal space-
time transformation exp(−iHτ) = (1 4 − iHτ) it is useful to consider the reduced
(relativistic) density operator for the subspace (say) A:
ρA(τ) = trB [ρ(τ)]
= ρA(0) − iτ trB
[
Hρ(0)− ρ(0)γ4H†γ4
]
. (16)
H denotes here any of the generators of (pseudo-) conformal transformations (11)-
(14) which are not Hermitian in general, however (In this respect the situation differs
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from the consideration in [29].). Eq. (16) is derived by means of
ρ(τ) =
Ψ(τ)⊗ Ψ¯(τ)
〈Ψ,Ψ〉 =
Ψ(τ)⊗Ψ(τ)†γ4
〈Ψ,Ψ〉 , (17)
Ψ(τ) = e(−iHτ)Ψ . (18)
The partial trace can be defined by means of the following equation.
ρA(τ) = trB [ρ(τ)]
=
〈ψB(τ), ρ(τ)ψB(τ)〉κB
〈ψB(τ), ψB(τ)〉κB
+
〈ψ⊥B(τ), ρ(τ)ψ⊥B(τ)〉κB
〈ψ⊥B(τ), ψ⊥B(τ)〉κB
(19)
ρ(τ)ψ⊥B denotes – somewhat symbolically – a vector in the (spin) space which κB
is operating in and which can be determined on the basis of the tensor product
decomposition of the density operator ρ(τ) with respect to the vector spaces KA
and KB .
In eq. (16) besides the operator (matrix) H the object γ4H
†γ4 makes its appear-
ance. For all the generators H of (pseudo-) conformal transformations (11)-(14) the
equation
γ4H
†γ4 = H (20)
applies. Consequently, eq. (16) can be written in our non-Hermitian case exactly as
in ref. [29] (above of eq. (5)) as
ρA(τ) = ρA(0) − iτ trB ([H, ρ(0)]) . (21)
We would like to mention here that the relation (20) is of the same type as that for
pseudo-Hermitian Hamiltonians considered in non-Hermitian quantum theory. For
a discussion of aspects of non-Hermitian quantum information theory the reader is
referred to [35, 36].
Relying on the eqs. (17), (19), from eq. (8) one finds the following representation
for ρA (〈ψB(τ), ψB(τ)〉κB = 〈ψB, ψB〉κB , 〈ψ⊥B(τ), ψ⊥B(τ)〉κB = 〈ψ⊥B , ψ⊥B〉κB)
ρA(τ) =
1
〈Ψ,Ψ〉
(
P 〈ψB, ψB〉κB ψA(τ)⊗ ψ†A(τ)κA
+ (1− P ) 〈ψ⊥B , ψ⊥B〉κB ψ⊥A(τ)⊗ ψ⊥†A (τ)κA
)
. (22)
We differentiate eq. (22) now with respect to τ and take the scalar product
〈ψA(τ), ρ˙A(τ)ψA(τ)〉κA:
〈ψA(τ), ρ˙A(τ)ψA(τ)〉κA =
P˙
〈Ψ,Ψ〉 〈ψB, ψB〉κB (〈ψA, ψA〉κA)
2 . (23)
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To arrive at eq. (23) we have taken into account the relation (derived from
〈ψA(τ), ψA(τ)〉κA = 〈ψA(0), ψA(0)〉κA)
〈ψ˙A(τ), ψA(τ)〉κA + 〈ψA(τ), ψ˙A(τ)〉κA = 0 . (24)
Note, that the term proportional to (1 − P ) present in eq. (22) drops out in eq.
(23) in view of the orthogonality conditions 〈ψ⊥A , ψA〉κA = 〈ψA, ψ⊥A〉κA = 0. Taking
into account the normalization conditions |〈Ψ,Ψ〉| = 1, |〈ψL, ψL〉| = |〈ψ⊥L , ψ⊥L 〉| = 1,
(L = A,B) mentioned below from eq. (8), we find
P˙ = P˙ (τ) =
〈ψA(τ), ρ˙A(τ)ψA(τ)〉κA
〈ψA, ψA〉κA
. (25)
Using eq. (21), we then obtain (for τ = 0)
P˙ = −i 〈ψA, trB ([H, ρ(0)])ψA〉κA〈ψA, ψA〉κA
. (26)
Relying on eq. (17) (for τ = 0), we can now insert into ρ(0) the generalized Schmidt
decomposition (8). After some algebra, we finally arrive at
P˙ = 2
√
P (1− P ) Im
(〈ψA ⊗ ψB, H(ψ⊥A ⊗ ψ⊥B)〉
)
〈Ψ,Ψ〉 . (27)
This equation formally agrees with the eq. (5) in [29], however, the definition of the
scalar product involved differs from it, of course.
6 Discussion and conclusions
We can now start our analysis by considering in eq. (27) non-entangled spinors
(i.e., P = 1). We see immediately that (pseudo-) conformal transformations do not
change the intrinsic entanglement of such spinors. For entangled spinors (P 6= 1)
the situation looks differently. Choosing besides γ4 (see eq. (7))
γ1 = iσ3 ⊗ σ1 , γ2 = iσ3 ⊗ σ2 , γ3 = iσ2 ⊗ 1 2 , (28)
entailing γ5 = iσ1⊗ 1 2 (σk are the standard Pauli matrices, 1 2 is the 2× 2 unit ma-
trix.), we can calculate the explicit form of the generators H of (pseudo-) conformal
transformations (11)-(14). From eq. (27), we then find that M12, M14, M24, D, P3,
and K3 have a vanishing entanglement capability while all other (pseudo-) confor-
mal transformations lead to a change in the intrinsic entanglement of a (entangled)
spinor. Recalling the two-qubit analogue of four-component spinors, these six spin
representations of space-time transformations stand in correspondence to the local
(three-parametric) unitary transformations of two qubits which also do not change
their entanglement. Before attempting to ask any physical questions now it seems
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to be advisable to find out what can be said over the entanglement capabilites of
(pseudo-) conformal transformations if we apply a different, equally legitimate rep-
resentation of the gamma matrices than we just did. Let us choose (by cyclically
permuting the representation matrices for γk, k = 1, 2, 3)
γ1 = iσ2 ⊗ 1 2 , γ2 = iσ3 ⊗ σ1 , γ3 = iσ3 ⊗ σ2 , (29)
entailing again γ5 = iσ1 ⊗ 1 2. One then finds a different result: The entanglement
capabilites of the following six generators of (pseudo-) conformal transformations
vanish: M23, M24, M34, D, P1, K1. All other generators have a non-vanishing en-
tanglement capability within this gamma matrix representation. In other words,
the introduction of a tensor product structure (TPS) for four-component spinors
for which those are entangled leads to an unphysical (gamma matrix representa-
tion dependent) result. Furthermore, one might also like to argue that (passive)
Lorentz/Poincare´ transformations should not change the information content of
spinors which is related to their intrinsic entanglement (if it is assumed to have
a physical meaning). Consequently, we are led to conclude that only such TPS can
be introduced for which a given spinor is not entangled. It seems worth mention-
ing that this result justifies the ad hoc ansatz (13.4) of Tokuoka ([4], Part II, p.
162). Concerning the direct product representation of solutions of the Dirac equa-
tion (1), the interested reader is referred to ref. [7]. In the case of massless fermions
(neutrinos), direct product representations for spinors related to the two possible
chiralities (2), (3) are given in eq. (3.64), p. 31, of [7]. Direct product representations
of spinors related to massive fermions can be found in eqs. (3.42), (3.43), p. 27, of [7].
We conclude this section with some comments on papers which have been re-
leased after the first version of the present article has been available on the arXiv.
Recently, a paper which (as the present article) relies on Dirac spinors and the Dirac
equation in studing relativistic entanglement problems has been published by De-
barba and Vianna [37]. It should be mentioned that certain assertions in [37] do not
conform to the results obtained in the present article. Specifically, after mentioning
the invariance of the purity tr ρ2 of the density matrix ρ (up to normalization our eq.
(17)) under Lorentz transformations Debarba and Vianna conclude on p. 12300003-9
of [37] (between eqs. (46) and (47)): “A corollary of this straightforward result is the
invariance of entanglement of pure states under Lorentz transformations, for in this
case the purity of the marginals characterize the entanglement.”. In other words, De-
barba and Vianna assert that the entanglement capability of the spin representation
of Lorentz transformations is always zero (in contradiction to the above results). De-
barba and Vianna do not provide the reader of their article with any line of reasoning
for this corollary (Also following an email request of the author of the present article
to the authors of [37] for clarification, no further argument/clarification has been
given.). In another paper, Caban, Rembielin´ski, and W lodarczyk [38] have recently
discussed a connection between the finite-dimensional, non-unitary representation
of the Poincare´ group we are using (cf. sec. 4) and some infinite-dimensional, unitary
representation(s) of it. It will be interesting to see in the future whether the results
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of the present investigation can be useful for the study of entanglement problems
on the basis of unitary (infinite-dimensional) representations of the Poincare´ group.
7 Final remarks
The present explorative study based on the formal mathematical analogy of four-
component spinors with the pure states of a two-qubit system leaves many questions
open for further research. Spinors (and the Dirac equation) provide us with a link
between space-time (symmetries) and entanglement properties of spinors. This does
not only apply to (3+1)-dimensional Minkowski space-time but also to spinors in
higher-dimensional space-times (a subject which we have not explored in the present
article). This way entanglement properties of spinors have possibly (at least in prin-
ciple) a relation to the problem of space-time dimensionality, a subject worth of
further study.
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